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We study exciton radiative decay in a two-dimensional material, taking into account large thermal
population in the non-radiative states, from which excitons are scattered into the radiative states by
acoustic phonons. We find an analytical solution of the kinetic equation for the non-equilibrium dis-
tribution function of excitons in the radiative states. Our estimates for bright excitons in transition
metal dichalcogenides indicate a strong depletion of radiative state population due to insufficient
exciton-phonon scattering rate at low temperatures.
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I. INTRODUCTION
Exciton radiative decay in two-dimensional structures
was first studied for excitons in molecular crystals [1, 2].
Later, it attracted much attention in the context of exci-
tons in semiconductor quantum wells, whose fabrication
became possible due to progress in semiconductor growth
techniques [3–9]. The recent intense studies of monolayer
transition metal dichalcogenides (TMDCs) have lead to
a revival of research activity in the radiative dynamics of
two-dimensional excitons, both experimental [10–23] and
theoretical [22, 24–28].
In clean samples, the in-plane momentum p is con-
served during the photon emission. Then, only excitons
with small momenta p ∼ ~ωex/c can emit photons (here
ωex is the excitonic resonance frequency and c is the speed
of light). The subsequent dynamics of the excitonic pop-
ulation and of the emitted light strongly depends on the
exciton distribution over different momentum states. If
the population was created by a resonant optical excita-
tion, it is initially concentrated in the radiative region,
so the excitons can quickly decay before being scattered
into the non-radiative states. For a non-resonant optical
excitation (excitation energy high above ~ωex), or electri-
cal pumping (excitons produced by binding free carriers
injected electrically), the excitons may have time to ther-
malize before decaying. Sometimes, both contributions
may be seen in photoluminescence [12, 14, 21].
If the excitons have thermalized, the excitonic popu-
lation extends over a region of momenta, determined by
the temperature T , usually much wider than the radia-
tive region. Then, to relax the whole population, excitons
from the non-radiative states must be scattered to the
radiative region (Fig. 1), so radiative decay of a thermal
excitonic population takes much longer than the recom-
bination time 1/Γp of a radiative state with small mo-
mentum p. If the scattering is fast enough, the exciton
distribution remains thermal, so the population decay
rate is given by the simple thermal average of Γp, pro-
FIG. 1. (Color online) A schematic representation of the ex-
citon band (solid curve), with the narrow radiative region
shown by the red circle. Exciton radiative decay by photon
emission is represented by a red wavy arrow, exciton relax-
ation by phonon emission is represented by black solid arrows.
portional to 1/T [6]. However, scattering typically slows
down at low temperatures, which results in a depletion
of the radiative region, so the overall population decay
rate is slower than the thermal average. Numerical solu-
tion of the Boltzmann equation for excitons scattered by
acoustic phonons in a GaAs quantum well has shown the
importance of this relaxation bottleneck effect [29, 30].
In this paper, we revisit the problem of competition
between the exciton radiative decay and the scattering
by acoustic phonons, assuming the latter to be the dom-
inant source of scattering. We do not include scattering
by optical phonons, assuming the excitonic temperature
to be much lower than the optical phonon energy. We
also assume the exciton density to be sufficiently low, so
that exciton-exciton scattering and annihilation is ineffi-
cient. We consider a clean undoped sample, so exciton
scattering by impurities and free carriers can also be ne-
glected. Under these conditions, acoustic phonons can
dominate the exciton scattering.
Below, we show that the Boltzmann equation describ-
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2ing the exciton radiative decay and scattering by acousti-
cal phonons has a remarkably simple analytical solution,
whose validity is guaranteed by the same separation of
momentum scales that creates the problem: the large
width of the excitonic thermal distribution as compared
to that of the radiative region. This makes the exciton
distribution in the non-radiative reservoir insensitive to
what happens in the radiative region, and enables us to
find the overall population decay rate in the bottleneck
regime [Eqs. (8) and (14a), for Γp being smaller or larger
than the typical phonon frequency, respectively]. Apply-
ing our results to bright excitons in TMDCs, we find a
strong bottleneck effect, leading to nanosecond popula-
tion decay times at T ∼ 10 − 100 K (neglecting non-
radiative decay).
II. SINGLE EXCITON BAND
We start by considering the simplest case of a non-
degenerate exciton band with the mass mex and the
parabolic dispersion ~ωex + p2/(2mex), weakly cou-
pled to two-dimensional acoustic phonons and to three-
dimensional photons. At times longer than the dephas-
ing time, the coherent polarization can be neglected, and
the exciton population can be characterized by the mo-
mentum distribution function fp. Its time evolution is
described by the kinetic equation:
∂fp
∂t
= −Γp fp + I inp − Ioutp . (1)
Here Γp is the exciton radiative decay rate, non-zero for
momenta p < ~krad ≡
√
ε ~ωex/c, where ε is the dielectric
constant of the medium surrounding the excitonic layer,
for simplicity assumed to be the same on both sides of the
layer. We neglect non-radiative exciton decay, which can
be straightforwardly incorporated. The last two terms in
Eq. (1), I inp and I
out
p , represent the in- and out-scattering
parts of the exciton-phonon collision integral. Assuming
fp to be non-degenerate, we write them as
I inp =
∫
d2p′
(2pi~)2
Wp′→pfp′ , (2a)
Ioutp =
∫
d2p′
(2pi~)2
Wp→p′fp ≡ fp
τp
. (2b)
Here Wp→p′ is the rate of exciton scattering from the
state p to the state p′, due to phonon absorption or
emission. It includes the energy-conserving δ function,
δ(p2/(2mex)− (p′)2/(2mex)±us|p−p′|), where us is the
speed of sound. In Eq. (2b), we also defined the out-
scattering time τp. We assume the phonons to be always
in equilibrium with temperature T (here and below mea-
sured in energy units), then the rates in Eqs. (2a), (2b)
satisfy the detailed balance condition, Wp′→p/Wp→p′ =
e(p′−p)/T . Then, the collision integral is nullified by the
Maxwell-Boltzmann distribution,
f eqp =
2pi~2nex
mexT
e−p
2/(2mexT ), (3)
where nex =
∫
fp d
2p/(2pi~)2 is the total exciton density.
Generally, there are several ways to use the kinetic
equation (1) to study relaxation kinetics. (i) One can
take some initial condition fp(t = 0) and study its sub-
sequent evolution. (ii) One can look for stationary so-
lutions of Eq. (1), which must be supplemented by an
exciton generation term. The explicit form of this gener-
ation term would be strongly dependent on the specific
experimental situation, and we prefer to assume that ex-
citation has been performed in the past, and the excitons
have had enough time to thermalize. (iii) One can look
for decaying solutions of the form fp(t) = fpe
−γt, where
−γ is an eigenvalue of the right-hand side of Eq. (1),
which is a linear integral operator. Generally, this oper-
ator has several eigenvalues, and we are interested in the
smallest one (by the absolute value). It will also domi-
nate the solution of the initial value problem (i) at long
times, and can be called the effective decay rate. Thus,
in the following we will focus on problem (iii), and look
for the effective decay rate γ.
The central question is how much the distribution in
the radiative region is different from the equilibrium one.
This distribution is determined by three processes: (i) ex-
citon radiative decay, (ii) exciton scattering from the ra-
diative region to the non-radiative states with p > ~krad
by phonon absorption, and (iii) exciton scattering from
the non-radiative states to the radiative region by phonon
emission. The momenta p′ of the relevant states in the
non-radiative region are fixed by the energy conservation:
(p′)2
2mex
=
p2
2mex
± us|p− p′|. (4)
For p in the radiative region, we have p  p′, only the
“+” sign is allowed, so p′ must lie in a narrow circular
strip |p′−2mexus| < ~krad. It is only from this strip that
excitons can scatter into the radiative region.
In turn, from which states can excitons be scattered
into the circular strip? If |p| = 2mexus, the set of all
momenta p′ satisfying the energy conservation condi-
tion (4) forms a contour shown in Fig. 2 by the dashed
line. Crucially, most of the contour lies outside the ra-
diative region. Thus, the population of exciton states
in the strip |p′ − 2mexus| < ~krad is determined by ex-
changing excitons with states in a broad energy interval,
determined either by the largest allowed phonon energy,
4mexu
2
s , or by the temperature T , whichever is smaller.
In either case, this cutoff energy is much larger than that
of the radiative window, (~krad)2/(2mex). Thus, even
if one sets fp = 0 in all the radiative region (the ex-
treme case of very fast radiative decay), the effect on fp′
in the strip |p′ − 2mexus| < ~krad is small by a factor
~krad/min{
√
mexT ,mexus}  1, Therefore, for p in the
radiative region, I inp can be evaluated using f
eq
p′ . This is
the key observation that enables us to solve the problem.
Then, looking for a solution fp(t) = fpe
−γt and setting
∂fp/∂t = −γfp in Eq. (1), we readily find the exciton
3FIG. 2. (Color online) Momenta p′ satisfying the energy con-
servation condition (4). For p in the narrow radiative region
p < ~krad, shown by the small red circle, the allowed p′ lie in
the narrow circular strip |p′ − 2mexus| < ~krad, shown by the
thick grey circular band. For a given p in the strip, shown
by a small black circle, the allowed p′ lie on a contour, rep-
resented by the dashed blue line. Most of this contour lies
outside the radiative region.
distribution in the radiative region,
fp =
I inp
γ + Γp + 1/τp
, (5)
where I inp = f
eq
p /τp is fixed by the detailed balance condi-
tion. Furthermore, in the radiative region we can neglect
the momentum dependence of f eqp and τp ≈ τ0. Then,
integrating over p, we obtain the following simple expres-
sion for the effective decay rate:
γ =
2pi~2
mexT
∫
d2p
(2pi~)2
Γp
1 + Γpτ0 + γτ0
. (6)
In fact, γτ0 in the denominator can be safely neglected,
since from Eq. (6) it follows that γτ0 6 ~2k2rad/(2mexT ).
Since τp ∼ τ0 in the thermal region of momenta, the con-
dition γτp  1 is also satisfied, which justifies that the
distribution at p > ~krad is thermal. Thus, these states
indeed act as a quasistationary reservoir, from which the
population is supplied to the radiative region. If the
exciton-phonon relaxation is not fast enough, 1/τ0  Γp,
then Γp drops out of Eq. (6), and the overall decay rate
is governed by the exciton-phonon relaxation bottleneck.
In the following, we use the standard expressions for
the radiative decay rates of the longitudinal and trans-
verse excitons [6, 32],
ΓLp = Γ
vac
0 θ(ε~2ω2ex − c2p2)
√
ε~2ω2ex − c2p2
ε~ωex
, (7a)
ΓTp = Γ
vac
0 θ(ε~2ω2ex − c2p2)
~ωex√
ε~2ω2ex − c2p2
, (7b)
where Γvac0 is the parameter characterizing the exciton-
photon coupling strength, determined by the excitonic
transition dipole moment. Then, the integral in Eq. (6)
can be straightforwardly evaluated:
γL,T =
(~ωex)2
mexc2T
Γvac0
√
εFL,T
(
Γvac0 τ0(T )√
ε
)
, (8a)
FL(x) ≡ 1
2x
− 1
x2
+
ln(1 + x)
x3
, (8b)
FT(x) ≡ 1− x ln
(
1 +
1
x
)
, (8c)
where we included explicitly the temperature argument
of τ0(T ), to emphasize that it determines the temperature
dependence of γ, together with the prefactor 1/T .
The dependence τ0(T ) is determined by the specific
exciton-phonon coupling mechanism. We assume the
main mechanism to be the deformation potential aris-
ing from the difference between conduction and valence
band shifts under a local deformation of the crystal. We
neglect the piezoelectric potential, which is due to the
macroscopic electric polarization created by the defor-
mation. Indeed, as the exciton is overall neutral, it can
couple to an electric field only in the second order (Stark
effect). For the deformation potential, we take a simple
form assuming the phonons to be two-dimensional, with
wave vectors q much smaller than the exciton radius:
Vˆ (r) = (Dc −Dv)
∑
q
√
~q
2ρSus
(
bˆq + bˆ
†
−q
)
eiqr, (9)
where Dc,v is the deformation potential for the conduc-
tion/valence band, ρ and S are the surface mass density
and the total area of the excitonic layer (so that ρS is
the sample mass), and bˆ†q, bˆq are the creation and an-
nihilation operators for a longitudinal acoustic phonon
with wave vector q. The Fermi Golden Rule gives the
following phonon absorption rate [4, 33]:
1
τ0
=
2(Dc −Dv)2m2ex
ρ~3(e2mexu2s/T − 1) ≈ A
T
~
(T  mexu2s ), (10a)
A ≡ (Dc −Dv)
2mex
ρ~2u2s
. (10b)
Eq. (10a), in combination with Eqs. (8a)–(8c), deter-
mines the temperature dependence of the radiative relax-
ation rate for the whole exciton population, both in the
regime of full thermalization, 1/τ0  Γ, and for strong
depletion of the radiative zone due to relaxation bottle-
neck, 1/τ0  Γ, which inevitably sets in at low temper-
atures.
In semiconductor quantum wells, the simple model
used so far needs several modifications. The most im-
portant one is that while the exciton motion is confined
to two dimensions, the phonons are three-dimensional, so
their wave vector has also a perpendicular component qz
in addition to the in-plane q. Also, one often has to take
into account the finite values of the exciton radius aex
and of the quantum well thickness dQW. The electron-
phonon matrix element then also includes factors which
4vanish for large q  1/aex and |qz|  1/dQW [34].
For most III-V and II-VI semiconductors, such as GaAs
or ZnSe, the heavy-hole exciton mass mex ∼ m0, the
free electron mass, and us ∼ 5 × 105 cm/s, which gives
the phonon wave vector satisfying the energy conserva-
tion (4), 2mexus/~ ∼ 0.01 A˚−1. The typical values of
1/aex and 1/dQW are often of the same order.
Then, phonons with more or less any |qz| on the scale
of Fig. 2 can be emitted or absorbed, so the radiative
region can be supplied not just from the narrow strip
around p′ = 2mexus, but from a wide region in the outer
space p′ > 2mexus. A state with p in the outer region, in
turn, can receive population from the whole inner area
of the inner part of the dashed contour (phonon absorp-
tion), and from the whole outer area of its outer part
(phonon emission). Thus, population depletion in the
small radiative region still only weakly affects the supply
region, so our key observation that I inp can be calculated
using f eqp for the termal states remains valid, together
with Eqs. (6) and (8a)–(8c). What should be modified
with respect to the simple two-dimensional model, is the
phonon absorption rate 1/τ0(T ). While the Fermi Golden
Rule calculation with the simple Hamiltonian (9) gives
a rate 1/τ0 ∝ T 2, the model including the matrix ele-
ment suppression at q  1/aex and |qz|  1/dQW, yields
1/τ0 ∝ T [29]. Both lead to relaxation bottleneck at low
temperatures; more detailed investigation of this issue is
beyond the scope of this paper.
III. APPLICATION TO TRANSITION METAL
DICHALCOGENIDES
Exciton relaxation by scattering on acoustic phonons
in monolayer TMDCs, such as MoS2, MoSe2, WS2, WSe2
was recently studied in Ref. [35], where three-dimensional
phonons were considered. Here we assume the binding
between the TMDC monolayer and the substrate not
to be strong, so the acoustic phonons are taken to be
two-dimensional. To extend the validity of Eq. (9) to
phonon wave vectors comparable to inverse exciton ra-
dius, 1/aex, the matrix element should be multiplied by
the Fourier transform of the square of the excitonic wave
function for the electron-hole relative coordinate reh. For
the hydrogen-like wave function, ∝ e−reh/aex , and equal
electron and hole masses mex/2, this amounts to an
additional factor [1 + (qaex/4)
2]−3/2 in Eq. (9). It is
known that because of strong dielectric confinement in
the TMDC monolayer, the interaction potential is not
1/reh, so the bound state wave functions do not have a
hydrogenic form [36–40]. However, as will be seen below,
the precise form of the cutoff factor does not matter, as
the typical exciton radius in TMDC, aex ∼ 1 nm [41, 42],
will turn out to be small enough for the cutoff effect not
to play a significant role.
Another modification of the simple model studied in
the previous section concerns the variety of excitonic
species in TMDCs. The longitudinal and transverse
MoS2 MoSe2 WS2 WSe2 units
~ωex 1.9 1.7 2.0 1.7 eV
1/Γvac0 0.23 0.24 0.19 0.22 ps
mex 1.09 1.35 0.73 0.90 m0
Dc −Dv 2.0 0.6 1.5 1.1 eV
us 6.6 4.1 4.3 3.3 10
5 cm/s
ρ 1.6 2.0 2.4 3.1 10−7 g/cm2
TABLE I. Values of the TMDC parameters used in the
estimates. ~ωex and 1/Γvac0 are taken from Ref. [27], mex,
Dc − Dv, us from Ref. [43], ρ from Ref. [35], and m0 is the
free electron mass.
bright excitons, degenerate at p = 0, become strongly
split by the exchange interaction at p ~krad [24, 25, 31].
Namely, in addition to p2/(2mex), the longitudinal exci-
ton energy contains a linear term, vexp, with the group
velocity, vex = cΓ
vac
0 /(2εωex), determined by the same
parameter Γvac0 as the radiative rates (7a), (7b). Using
the parameters from Table I and taking ε = 2.5, we ob-
tain vex = (0.9−1.1)×107cm/s for all four materials. Not
only vex  us, but also the energy mexv2ex, at which vexp
is overcome by p2/(2mex), is 2–3 times larger than the
room temperature. Thus, at low tempratures, the longi-
tudinal exciton population is negligible compared to the
transverse one. The matrix element of the deformation
potential (9), which determines the rate Wp′→p, should
also include the overlap 〈α,p|α′,p′〉 between states of
the two exciton branches, α, α′ = L,T, determined by
the angle φpp′ between p and p
′ [25, 31]):
|〈T,p|T,p′〉|2
|〈L,p|T,p′〉|2
}
=
1± cos(2φpp′)
2
. (11)
Besides the two bright exciton species, in monolayer
TMDCs there are six dark exciton species whose energies
are in the same range (up to energy shifts of a few tens
of meV, due to spin-orbit and exchange interactions).
These excitons are formed by conduction and valence
band states belonging to different valleys or/and having
different spins, so their radiative decay is forbidden in the
zero approximation. In molybdenum-based compounds,
the bright excitons have a lower energy than the dark
ones, while in tungsten-based ones, the situation is the
opposite. This was used to explain the experimentally
observed rise of the luminescence intensity in WSe2 with
increasing temperature in terms of the increasing thermal
population of the higher-energy bright excitons [44–47].
Conversion between dark and bright excitons requires ei-
ther a spin flip or an intervalley scattering which, in a
clean crystal, can occur by phonon absorption or emis-
sion. The energy of intervalley phonons is of the same
order as that of optical phonons, so these processes are
slow at low temperature, as compared to scattering by
acoustic phonons. Thus, conversion between dark and
bright excitons leads to slow equilibration between dif-
ferent excitonic reservoirs but does not affect directly the
population of the radiative states. In the following, we
5focus on the dynamics of exciton exchange between the
bright radiative states and the reservoir from the trans-
verse bright exciton band, leaving aside the problem of
slow population exchange between different reservoirs.
Still, one should keep in mind that this slow population
exchange may contribute to dynamics at very long times.
For bright excitons in TMDCs, the radiative rate is
quite large, ~Γvac0 being a few meV [15, 16, 22, 23, 27, 28].
For the coefficient A in Eqs. (10a), (10b), the material
parameters listed in Table I give a few µeV/K. This is
an order of magnitude smaller than experimentally mea-
sured values [15, 19, 20, 22, 23], probably due to a larger
value of Dc − Dv than that given in Ref. [43]. In any
case, 1/τ0(T ) < Γ
vac
0 below several tens of Kelvins, so
one can expect the bottleneck effect. It should be noted,
that intravalley dark excitons can also decay radiatively
at a rate about 100–1000 times slower than for the bright
ones [48], so already above a few Kelvins, their popula-
tion in the radiative region should be thermalized. For
intervalley dark excitons, radiative decay is possible if as-
sisted by phonon emission [26]. We are not aware of any
estimate for the rate of this process.
The large radiative decay rate Γp of the bright ex-
citons leads to an energy broadening ~Γvac0  2mexu2s ,
the latter being 0.54, 0.27, 0.15, and 0.11 meV, for the
four materials, respectively. This introduces a large en-
ergy uncertainty ∼ ~Γp in Eq. (4), so the image of
Fig. 2 is not valid, and the radiative region is refilled
from states p′ with energies (p′)2/(2mex) ∼ min{~Γ, T}
(Fig. 3). Still, outside the radiative region the states are
not broadened, so the kinetic equation is applicable, and
the effect of the depleted radiative region on fp′ at en-
ergies (p′)2/(2mex) ∼ min{~Γ, T} is relatively weak by
the same phase-space argument as before (note that the
total spectral weight of the radiative states is unchanged,
it is only spread over a wide energy range). Thus, the
population flow I inp into the radiative region can again
be calculated assuming equilibrium distribution f eqp′ out-
side, but not the detailed balance condition. Indeed,
scattering of an exciton from the non-radiative region
into a strongly broadened radiative state followed by fast
radiative decay can equivalently be viewed as phonon-
assisted radiative decay of a non-radiative state via a
virtual intermediate state in the radiative region. As-
suming mexu
2
s , ~/τ0  (~Γ, T )  mexv2ex [49], we can
determine the average decay rate from the total incom-
ing flux into the radiative region for the longitudinal and
transverse excitons:
γ =
∫
p<~krad
d2p
(2pi~)2
I in,Lp + I
in,T
p
nex
. (12)
The incoming fluxes I in,Lp , I
in,T
p are, in turn, given by (we
FIG. 3. (Color online) A schematic representation of the exci-
ton band (solid curve). The radiative states, strongly broad-
ened in energy (but not in momentum) are shown by the red
ellipse. The dashed arrows show exciton transitions from the
reservoir to the radiative states, accompanied by phonon ab-
sorption and emission (the slope of the arrows corresponds to
the speed of sound).
omit the labels “L,T” at I inp and Γp for brevity)
I inp =
nex
2
∞∫
~krad
p′ dp′
mexT
e−p′/T (Dc −Dv)2p′
2ρus[1 + (p′/~)2(aex/4)2]3
×
×
∑
±
e∓usp
′/(2T )
2 sinh[usp′/(2T )]
Γp
(p′ ± usp′)2 + ~2Γ2p/4
,
(13)
where we approximated |p− p′| ≈ p′, took into account
the overlaps (11) which amount to 1/2 upon angular in-
tegration, and denoted p′ ≡ (p′)2/(2mex). The sum over
the two signs in the second line corresponds to phonon
absorption/emission for the upper/lower signs, respec-
tively. The key ingredient of Eq. (13) is the Lorentzian
density of final states for exciton scattering into the
radiative region, which includes the radiative broaden-
ing. The p′ integral is cut off at large p′ by one of
the three factors: the thermal exponential e−p′/T , the
matrix element suppression [1 + (p′/~)2(aex/4)2]−3, and
the Lorentzian which imposes p′ . Γp. First, all of
these imply usp
′  p′ , T , as illustrated by Fig. 3, so
we approximate 2 sinh[usp
′/(2T )] ≈ usp′/T and neglect
usp
′ everywhere else, which is equivalent to treating the
phonon-induced potential V (r) as a quasistatic disorder
of the strength 〈V 2〉 ∝ T . Second, the cutoff imposed
by the Lorentzian turns out to be more important than
that due to the exciton radius: for p′ = 3 meV ∼ ~Γp,
mex = m0, aex = 1 nm, we obtain p
′aex/(4~) ≈ 0.07.
Thus, the integral is dominated by p′ ∼ ~Γ for T  ~Γ,
and by p′ ∼ T for T  ~Γ, while the cutoff due to the
exciton radius is not important in either case.
Combining Eqs. (12), (13), and integrating first over
6p, then over p′, we obtain
γ = A ~k
2
rad
2pimex
G
(
2T
√
ε
~Γvac0
)
, (14a)
G(ϑ) ≡
∞∫
0
(
1− x arctan 1
x
+
x− arctanx
x3
)
e−x/ϑ dx,
(14b)
with the same coefficient A as in Eqs. (10a), (10b). The
function G(ϑ), defined in Eq. (14b) and plotted in Fig. 4,
determines the temperature dependence of γ in the ap-
propriate units: for ε = 2.5, we obtain ~Γvac0 /(2
√
ε) ∼
10 K, while ~k2rad/(2pimex) ≈ 5 ns−1 (taking mex = m0,
~ωex = 2 eV). The dimensionless coefficient A is in
the range 0.03 − 0.13 for the parameters in Table I,
while in experiments values approaching unity are re-
ported [15, 19, 20, 22, 23]. Thus, the typical values of γ
at temperatures T ∼ 50 K correspond to decay times of
the order of nanoseconds.
In time-resolved photoluminescence experiments on
TMDCs, two contributions to the luminescence are of-
ten observed [12, 14, 21]: a fast component, decaying on
the picosecond time scale, and a slow one, which appears
at temperatures above 100–150 K, and decays on time
scales between 100 ps [12] and 2.5 ns [21]. It is this slow
component that was attributed to the radiative decay of
excitons from the reservoir, and the nanosecond decay
time scale is similar to what we obtained above. At low
temperatures, the slow component was not observed so
far. It is likely that in the above experiments at low tem-
peratures, the excitons quickly decay from the radiative
states without populating the non-radiative reservoir at
all. This is quite natural for quasiresonant optical exci-
tation used in Refs. [14, 21], but not totally clear for the
non-resonant excitation in Ref. [12].
The overall temperature dependence of γ, given by
Eqs. (14a), (14b), has quite simple qualitative explana-
tion. At T  ~Γvac0 , we have γ ∝ T/Γvac0 . Indeed, the
whole thermal exciton population pumps the radiative
region, where the density of states is ∝ 1/Γvac0 (the top
of the Lorentzian), while the phonon occupation is pro-
portional to T . At T  ~Γvac0 , the whole Lorentzian in
the radiative region is involved, which can be pumped
only from states with energies p′ ∼ ~Γvac0 whose popu-
lation is ∝ 1/T , while the pumping rate is proportional
to 1/τ0(T ) = AT/~, so the temperature drops out. Note
that Eq. (13) is valid only when Γp  1/τp [49], which
sets the upper limit on the temperature to be a few tens
of Kelvins. In particular, if A ∼ 1, there is no room
for the temperature-independent regime. At higher tem-
peratures, when Γp . 1/τp, the rate γ should start de-
creasing with temperature, but the study of this regime
is beyond the scope of the present paper.
FIG. 4. (Color online) The function G(ϑ), defined in
Eq. (14b), which represents the dimensionless temperature
dependence of γ. The asymptotic behaviour is G(ϑ → 0) ∼
(4/3)ϑ (dashed black line), and G(ϑ→∞) = pi/2 (dot-dashed
red line).
IV. CONCLUSIONS
To conclude, we analyzed radiative decay of thermal-
ized excitonic population subject to scattering by acous-
tic phonons. Assuming sufficiently low temperatures, we
did not include scattering on optical phonons. Depend-
ing on the radiative decay rate Γ0 of excitonic states with
small momenta, on the phonon absorption rate 1/τ0 in
these states, and on the frequency 2mexu
2
s/~ of the ab-
sorbed phonons, we identified several regimes. When
Γ0  1/τ0,mexu2s/~, the excitons in the radiative re-
gion are thermalized, and the overall population decay
rate γ ∝ 1/T , determined by the thermal population of
the radiative region [6]. When 1/τ0  Γ0, the radiative
region is strongly depleted, and γ is determined by ex-
citon scattering into the radiative region (the relaxation
bottleneck). In this case, Γ0 drops out from γ, and its
temperature dependence is γ ∝ 1/(Tτ0(T )). In partic-
ular, if 1/τ0 ∝ T , a curious situation may arise where
γ depends neither on temperature, nor on Γ0. Finally,
when Γ0  1/τ0,mexu2s/~, the radiative broadening of
states in the depleted radiative region affects the exciton-
phonon scattering rate itself. It is this strong-broadening
case that we find to be relevant for bright excitons in
TMDCs at low temperatures. Then, at lowest tempera-
tures T  ~Γ0 the effective population decay rate γ ∝ T ,
while at T  ~Γ0 it becomes temperature-independent.
V. ACKNOWLEDGEMENTS
We thank M. Potemski and T. Jakubczyk for stimulat-
ing discussions. A. O. S. acknowledges financial support
from the EC Graphene Flagship project (No. 604391).
7[1] V. M. Agranovich and O. A. Dubovskii, Effect of retarded
interaction on the exciton spectrum in one-dimensional
and two-dimensional crystals, Pis’ma ZhETF 3, 345
(1966) [JETP Lett. 3, 223 (1966)].
[2] J. Aaviksoo, J. Lippmaa, and T. Reinot, Measurement
of a picosecond time decay for anthracene surface, Opt.
Spectrosc. USSR 62, 419 (1987).
[3] J. Feldmann, G. Peter, E. O. Go¨bel, P. Dawson,
K. Moore, C. Foxon, and R. J. Elliott, Linewidth de-
pendence of radiative exciton lifetimes in quantum wells,
Phys. Rev. Lett. 59, 2337 (1987).
[4] E. Hanamura, Rapid radiative decay and enhanced optical
nonlinearity of excitons in a quantum well, Phys. Rev. B
38, 1228 (1988).
[5] L. C. Andreani and F. Bassani, Exchange interaction and
polariton effects in quantum-well excitons, Phys. Rev. B
41, 7536 (1990).
[6] L. C. Andreani, F. Tassone and F. Bassani, Radiative
lifetime of free excitons in quantum wells, Solid State
Commun. 77, 641 (1991).
[7] T. C. Damen, J. Shah, D. Y. Oberli, D. S. Chemla,
J. E. Cunningham, and J. M. Kuo, Dynamics of exciton
formation and relaxation in GaAs quantum wells, Phys.
Rev. B 42, 7434 (1990).
[8] B. Devead, F. Clerot, N. Roy, K. Satzke, B. Sermage,
and D. S. Katzer, Enhanced radiative recombination of
free excitons in GaAs quantum wells, Phys. Rev. Lett.
67, 2355 (1991).
[9] J. Martinez-Pastor, A. Vinattieri, L. Carraresi,
M. Colocci, Ph. Roussignol, and G. Weimann,
Temperature dependence of exciton lifetimes in
GaAs/AlxGa1−xAs single quantum wells, Phys. Rev. B
47, 10456 (1993).
[10] A. Splendiani, L. Sun, Y. Zhang, T. Li, J. Kim, C.-
Y. Chim, G. Galli, and F. Wang, Emerging Photolumi-
nescence in Monolayer MoS2 Nano Lett. 10, 1271 (2010).
[11] K. F. Mak, C. Lee, J. Hone, J. Shan, and T. F. Heinz,
Atomically Thin MoS2: A New Direct-Gap Semiconduc-
tor, Phys. Rev. Lett. 105, 136805 (2010).
[12] T. Korn, S. Heydrich, M. Hirmer, J. Schmutzler, and
C. Schu¨ller, Low-temperature photocarrier dynamics in
monolayer MoS2, Appl. Phys. Lett. 99, 102109 (2011).
[13] H. Shi, R. Yan, S. Bertolazzi, J. Brivio, B. Gao, A. Kis,
D. Jena, H. G. Xing, and L. Huang, Exciton Dynamics in
Suspended Monolayer and Few-Layer MoS2 2D Crystals,
ACS Nano 7, 1072 (2013).
[14] D. Lagarde, L. Bouet, X. Marie, C. R. Zhu, B. L. Liu,
T. Amand, P. H. Tan, and B. Urbaszek, Carrier and
Polarization Dynamics in Monolayer MoS2, Phys. Rev.
Lett. 112, 047401 (2014).
[15] G. Moody, C. K. Dass, K. Hao, C.-H. Chen, L.-J. Li, A.
Singh, K. Tran, G. Clark, X. Xu, G. Berghuser, E. Malic,
A. Knorr, and X. Li, Intrinsic homogeneous linewidth
and broadening mechanisms of excitons in monolayer
transition metal dichalcogenides, Nat. Commun. 6, 8315
(2015).
[16] C. Poellmann, P. Steinleitner, U. Leierseder, P. Nagler,
G. Plechinger, M. Porer, R. Bratschitsch, C. Schller, T.
Korn, and R. Huber, Resonant internal quantum tran-
sitions and femtosecond radiative decay of excitons in
monolayer WSe2, Nat. Mater. 14, 889 (2015).
[17] M. Koperski, K. Nogajewski, A. Arora, V. Cherkez,
P. Mallet, J.-Y. Veuillen, J. Marcus, P. Kossacki, and
M. Potemski, Single photon emitters in exfoliated WSe2
structures, Nature Nanotech. 10, 503 (2015).
[18] A. Srivastava, M. Sidler, A. V. Allain, D. S. Lembke,
A. Kis, and A. Imamogˇlu, Optically active quantum dots
in monolayer WSe2, Nature Nanotech. 10, 491 (2015).
[19] S. Koirala, S. Mouri, Y. Miyauchi, and K. Matsuda, Ho-
mogeneous linewidth broadening and exciton dephasing
mechanism in MoTe2, Phys. Rev. B 93, 075411 (2016).
[20] P. Dey, J. Paul, Z. Wang, C. E. Stevens, C. Liu,
A. H. Romero, J. Shan, D. J. Hilton, and D. Karaiskaj,
Optical Coherence in Atomic-Monolayer Transition-
Metal Dichalcogenides Limited by Electron-Phonon In-
teractions, Phys. Rev. Lett. 116, 127402 (2016).
[21] C. Robert, D. Lagarde, F. Cadiz, G. Wang, B. Lassagne,
T. Amand, A. Balocchi, P. Renucci, S. Tongay, B. Ur-
baszek, and X. Marie, Exciton radiative lifetime in tran-
sition metal dichalcogenide monolayers, Phys. Rev. B 93,
205423 (2016).
[22] M. Selig, G. Bergha¨user, A. Raja, P. Nagler, C. Schu¨ller,
T. F. Heinz, T. Korn, A. Chernikov, E. Malic,
and A. Knorr, Excitonic linewidth and coherence life-
time in monolayer transition metal dichalcogenides,
arXiv:1605.03359.
[23] T. Jakubczyk, V. Delmonte, M. Koperski, K. Noga-
jewski, C. Faugeras, W. Langbein, M. Potemski, and
J. Kasprzak, Radiatively limited dephasing and exciton
dynamics in MoSe2 monolayers, Nano Lett. 16, 5333
(2016).
[24] M. M. Glazov, T. Amand, X. Marie, D. Lagarde,
L. Bouet, and B. Urbaszek, Exciton fine structure
and spin decoherence in monolayers of transition metal
dichalcogenides, Phys. Rev. B 89, 201302(R) (2014).
[25] Yu. N. Gartstein, X. Li, and C. Zhang, Exciton polari-
tons in transition-metal dichalcogenides and their direct
excitation via energy transfer, Phys. Rev. B 92, 075445
(2015).
[26] H. Dery and Y. Song, Polarization analysis of excitons in
monolayer and bilayer transition-metal dichalcogenides,
Phys. Rev. B 92, 125431 (2015).
[27] M. Palummo, M. Bernardi, and J. C. Grossman, Exci-
ton Radiative Lifetimes in Two-Dimensional Transition
Metal Dichalcogenides, Nano Lett. 15, 2794 (2015).
[28] H. Wang, C. Zhang, W. Chan, C. Manolatou, S. Tiwari,
and F. Rana, Radiative lifetimes of excitons and trions
in monolayers of the metal dichalcogenide MoS2, Phys.
Rev. B 93, 045407 (2016).
[29] C. Piermarocchi, F. Tassone, V. Savona, A. Quat-
tropani, and P. Schwendimann, Nonequilibrium dynamics
of free quantum-well excitons in time-resolved photolumi-
nescence, Phys. Rev. B 53, 15834 (1996).
[30] A. Thra¨nhardt, S. Kuckenburg, A. Knorr, T. Meier, and
S. W. Koch, Quantum theory of phonon-assisted exciton
formation and luminescence in semiconductor quantum
wells, Phys. Rev. B 62, 2706 (2000).
[31] H. Yu, G.-B. Liu, P. Gong, X. Xu, and W. Yao, Dirac
cones and Dirac saddle points of bright excitons in mono-
layer transition metal dichalcogenides, Nature Commun.
5, 3876 (2014). In this paper, only the intravalley part of
the exchange interaction was taken into account, which
8led to a wrong disperion of longitudinal and transverse
excitons, see H. Yu, X. Cui, X. Xu, and W. Yao, Valley
excitons in two-dimensional semiconductors, Natl. Sci.
Rev. 2, 57 (2015).
[32] Eqs. (7a), (7b) are perturbative in the exciton-photon
coupling strength. Strictly speaking, the perturbation
theory is not valid at p→ √ε ~ωex/c where ΓTp diverges,
and the non-perturbative solution also exists [1]. How-
ever, the square-root divergence in ΓTp is weak enough,
so the momentum integral still converges. Thus, for our
purposes the perturbative expressions (7a), (7b) are suf-
ficient, as the non-perturbative region gives a small con-
tribution to the integral (6).
[33] At sufficiently high temperatures, ~/τ0(T ) becomes of
the order of 2mexu
2
ex or higher. Then, the Fermi Golden
Rule used to derive Eq. (10a) is not applicable any more.
One way to go beyond the Golden Rule is to use the self-
consistent Born approximation, which gives the same re-
sult but with a different numerical factor. However, at
energies p2/(2mex) ∼ ~/τ0 the self-consistent Born ap-
proximation is not valid quantitatively, as well as the
kinetic equation itself, so Eq. (6) is not expected to be
quantitatively valid unless ~/τ0  mexu2ex.
[34] T. Takagahara, Localization and energy transfer of quasi-
two-dimensional excitons in GaAs-AlAs quantum-well
heterostructures Phys. Rev. B 31, 6552 (1985).
[35] A. Thilagam, Ultrafast exciton relaxation in monolayer
transition metal dichalcogenides, J. Appl. Phys. 119,
164306 (2016).
[36] T. C. Berkelbach, M. S. Hybertsen, and D. R. Reich-
man, Theory of neutral and charged excitons in mono-
layer transition metal dichalcogenides, Phys. Rev. B 88,
045318 (2013).
[37] D. Y. Qiu, F. H. da Jornada, and S. G. Louie, Optical
Spectrum of MoS2: Many-Body Effects and Diversity of
Exciton States, Phys. Rev. Lett. 111, 216805 (2013).
[38] A. Chernikov, T. C. Berkelbach, H. M. Hill, A. Rigosi,
Y. Li, O. B. Aslan, D. R. Reichman, M. S. Hybertsen, and
T. F. Heinz, Exciton Binding Energy and Nonhydrogenic
Rydberg Series in Monolayer WS2, Phys. Rev. Lett. 113,
076802 (2014).
[39] Z. Ye, T. Cao, K. O’Brien, H. Zhu, X. Yin, Y. Wang, S.
G. Louie, and X. Zhang, Probing excitonic dark states in
single-layer tungsten disulphide, Nature 513, 214 (2014).
[40] K. He, N. Kumar, L. Zhao, Z. Wang, K. F. Mak, H.
Zhao, and J. Shan, Tightly Bound Excitons in Monolayer
WSe2, Phys. Rev. Lett. 113, 026803 (2014).
[41] M. M. Ugeda, A. J. Bradley, S.-F. Shi, F. H. da Jornada,
Y. Zhang, D. Y. Qiu, W. Ruan, S.-K. Mo, Z. Hussain,
Z.-X. Shen, F. Wang, S. G. Louie, and M. F. Crommie,
Giant bandgap renormalization and excitonic effects in a
monolayer transition metal dichalcogenide semiconduc-
tor, Nat. Mater. 13, 1091 (2014).
[42] A. V. Stier, K. M. McCreary, B. T. Jonker, J. Kono,
and S. A. Crooker, Exciton diamagnetic shifts and valley
Zeeman effects in monolayer WS2 and MoS2 to 65 Tesla,
Nat. Comm. 7, 10643 (2016).
[43] Z. Jin, X. Li, J. T. Mullen, and K. W. Kim, Intrin-
sic transport properties of electrons and holes in mono-
layer transition-metal dichalcogenides, Phys. Rev. B 90,
045422 (2014)
[44] A. Arora, M. Koperski, K. Nogajewski, J. Marcus,
C. Faugeras, and M. Potemski, Excitonic resonances in
thin films of WSe2: from monolayer to bulk material,
Nanoscale, 105, 136805 (2010).
[45] F. Withers, O. Del Pozo-Zamudio, S. Schwarz, S. Duf-
ferwiel, P. M. Walker, T. Godde, A. P. Rooney, A.
Gholinia, C. R. Woods, P. Blake, S. J. Haigh, K. Watan-
abe, T. Taniguchi, I. L. Aleiner, A. K. Geim, V. I. Fal’ko,
A. I. Tartakovskii, and K. S. Novoselov, WSe2 Light-
Emitting Tunneling Transistors with Enhanced Bright-
ness at Room Temperature, Nano Lett. 15, 8223 (2015).
[46] G. Wang, C. Robert, A. Suslu, B. Chen, S. Yang,
S. Alamdari, I. C. Gerber, T. Amand, X. Marie, S. Ton-
gay, and B. Urbaszek, Spin-orbit engineering in tran-
sition metal dichalcogenide alloy monolayers, Nature
Comm. 6, 10110 (2015).
[47] X.-X. Zhang, Y. You, S. Y. F. Zhao, and T. F. Heinz,
Experimental Evidence for Dark Excitons in Monolayer
WSe2, Phys. Rev. Lett. 115, 257403 (2015).
[48] A. O. Slobodeniuk and D. M. Basko, Spinflip processes
and radiative decay of dark intravalley excitons in tran-
sition metal dichalcogenide monolayers, 2D Mater. 3,
035009 (2016).
[49] At this point, it does not matter whether mexu
2
s  ~/τ0
or not. Indeed, the main contribution to I inp comes from
the states with relatively high energies, (p′)2/(2mex) ∼
{~Γ, T}  ~/τ0, so the kinetic equation at these high en-
ergies is valid. However, at too high temperatures, when
1/τ0 becomes comparable to Γ, our theory is no longer
quantitatively valid. Qualitatively, the effect can be taken
into account by replacing Γp → Γp+1/τp in the denomi-
nator of the Lorentzian in Eq. (13). However, the precise
shape of the spectral function at the bottom of the exci-
ton band will no longer be Lorentzian.
